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Abstract
We discuss the concept of characteristic squeezing modes applied to a travelling-wave optical
parametric amplifier pumped by an ultrashort pulse. The characteristic modes undergo decoupled
single-mode squeezing transformations, and therefore they form a useful basis to describe the
evolution of the entire multimode system. This provides an elegant and intuitive picture of quantum
statistical properties of parametric fluorescence. We analyse the efficiency of detecting quadrature
squeezing, and present results of numerical calculations for a realistic nonlinear medium.
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I. INTRODUCTION
Quadrature squeezing [1] is one of the most accessible optical processes that take us be-
yond the semiclassical class of states of electromagnetic radiation, comprising coherent states
and their statistical mixtures. The most elementary theoretical description of squeezing in-
volves just a single radiation mode undergoing evolution governed by the unitary operator:
Uˆ = exp
(
ζ
2
[(aˆ†)2 − aˆ2]
)
. (1)
where aˆ is the annihilation operator of the mode, and ζ is the interaction strength. Such evo-
lution occurs in the process of parametric down-conversion, which can be realized by means
of χ(2) nonlinearity in optical media. In this case, the constant ζ involves the amplitude of
the pump beam, the strength of the nonlinear coupling, and the length of the medium. A
common experimental configuration is an optical parametric amplifier, where a short pump
pulse passes once through the medium. This induces squeezing in a mode that is either
initially left empty, or seeded by a coherent beam at half the pump frequency. Obviously,
Eq. (1) is a very crude approximation to the actual evolution of the system. The realis-
tic down-conversion is in fact a subtle interplay of the spatio-temporal shape of the pump
pulse with the phase-matching characteristics of the medium for different sets of frequencies
and wave vectors. Nevertheless, the basic features of down-converted light predicted by the
single-mode model explain well experimental observations.
The purpose of this paper is to go beyond the single-mode approximation and to discuss
theoretically the squeezing process in a more realistic model, which takes into account the
above complexities. This results in multimode calculations, involving continuous degrees of
freedom such as frequency and wave vectors, which can be carried out only by numerical
means. Nevertheless, elementary single-mode squeezing does emerge even in the multimode
model. This is a general consequence of the linearity of the evolution in the field operators
and the associated existence of the Bloch-Messiah reduction [2, 3, 4]. However, the modes
whose evolution can be described in such a simple way are of a very special form. We shall
call them characteristic squeezing modes and analyse their properties. The shape of these
modes, as well as the strength of the produced squeezing depend in a nontrivial way on
the parameters of the system, including the amplitude and the shape of the pump pulse as
well as the characteristics of the nonlinear medium. The description of realistic squeezing
in terms of characteristic modes provides a simple intuitive picture of the process as well as
means to optimize the amount of detected squeezing.
This paper is organized as follows. First, in Sec. II we give the theoretical construction
of the characteristic squeezing modes, and motivate it by the well-known Schmidt decompo-
sition of a two-photon wave function. In Sec. III we perform the decomposition for a model
Gaussian evolution of an optical parametric amplifier, and discuss its consequences for de-
tecting quadrature squeezing by means of homodyne detection. Sec. IV presents numerical
results for a down-conversion process realized in a nonlinear waveguide, and points out a
simple scaling law for the squeezing parameters of the characteristic modes. Finally. Sec. V
concludes the paper.
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II. DECOMPOSITION
We will assume here a one-dimensional evolution of the optical field, corresponding to
propagation in a single-mode nonlinear waveguide. Let us first develop an intuition using
the perturbative regime, extensively discussed in previous works in the context of spectral
properties of biphotons [5, 6]. If the field at the down-converted frequencies is initially in
the vacuum state |vac〉, the output state in the limit of weak pumping can be written as:
Uˆ |vac〉 ≈ |vac〉+ 1
2
∫
dω
∫
dω′Ψ(ω, ω′)aˆ†(ω)aˆ†(ω′)|vac〉. (2)
The two-photon wave function Ψ(ω, ω′) is given by a product of of the spectral pump am-
plitude at ω + ω′ and the phase matching function at the down-converted frequencies. For
a degenerate process, the wave function is symmetric with respect to the permutation of its
arguments. Consequently, its Schmidt decomposition [7] can be written in the form:
Ψ(ω, ω′) =
∞∑
n=0
ζnψ
∗
n(ω)ψ
∗
n(ω
′) (3)
where ζn are non-negative Schmidt coefficients, while ψ
∗
n(ω) are mutually orthogonal Schmidt
functions, normalized to one. We have used here complex-conjugated Schmidt functions
ψ∗n(ω) in order to achieve correspondence with the general case discussed below. The Schmidt
decomposition performed above suggests an introduction of another set of field operators
defined by:
bˆn =
∫
dω ψn(ω)aˆ(ω) (4)
These operators satisfy standard bosonic commutation relations:
[bˆm, bˆn] = 0, [bˆm, bˆ
†
n] = δmn (5)
which follows directly from the fact that the Schmidt functions ψn(ω) are orthonormal. The
final wave function can now be written as:
Uˆ |vac〉 ≈ |vac〉+ 1
2
∞∑
n=0
ζn(bˆ
†
n)
2|vac〉. (6)
It is seen that this wave function could be obtained from the perturbative expansion of the
multimode squeezing operator of the form:
Uˆ =
∞⊗
n=0
exp
(
ζn
2
[(bˆ†n)
2 − bˆ2n]
)
. (7)
As the modes bˆn are mutually orthogonal, the evolution is effectively decoupled in the modes
defined by the Schmidt functions, and if at the end we detect only one of these modes, then
the evolution can be effectively treated in the single-mode approach.
It turns out that the above decomposition exists not only in the perturbative regime, but,
in a generalized form, also for arbitrarily intense multimode evolution as long as it remains
linear in the field operators [2, 3, 4]. The non-perturbative case is most conveniently handled
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in the Heisenberg picture, in which the final field operators are expressed in terms of the
input ones. If the linearity condition is satisfied, the output field operators aˆout(ω) can be in
general written in terms of the input field operators aˆin(ω) as a Bogoliubov transformation:
aˆout(ω) =
∫
dω′
(
C(ω, ω′)aˆin(ω′) + S(ω, ω′)[aˆin(ω′)]†
)
(8)
where the integral kernels C(ω, ω′) and S(ω, ω′) are the Green functions of the equations
of motion for a concrete arrangement. In the perturbative regime, C(ω, ω′) = δ(ω − ω′)
and the function S(ω, ω′) is equal (up to a certain phase factor) to the biphoton spectrum
amplitude Ψ(ω, ω′). Of course, the output operators must satisfy the same relations as the
input field operators. This imposes the following conditions on the kernels:∫
dω′′[C(ω, ω′′)S(ω′, ω′′)− C(ω′, ω′′)S(ω, ω′′)] = 0,∫
dω′′[C(ω, ω′′)C∗(ω′, ω′′)− S(ω, ω′′)S∗(ω′, ω′′)] = δ(ω − ω′). (9)
Because of these constraints, the singular-value expansions of the Green functions are not
independent, but can be written using a joint set of functions and parameters as:
C(ω, ω′) =
∞∑
n=0
cosh ζnψ
∗
n(ω)φn(ω
′)
S(ω, ω′) =
∞∑
n=0
sinh ζnψ
∗
n(ω)φ
∗
n(ω
′). (10)
Here φn(ω) and ψn(ω) are two orthonormal sets of functions, and ζn are real parameters.
This decomposition is known as the Bloch-Messiah reduction [4]. Analogously to Eq. (4),
we can now define discrete sets of field operators according to:
bˆinn =
∫
dω φn(ω)aˆ
in(ω)
bˆoutn =
∫
dω ψn(ω)aˆ
out(ω). (11)
The Bogoliubov transformation introduced in Eq. (8) induces now the following transfor-
mation of the discrete field operators:
bˆoutn = bˆ
in
n cosh ζn + (bˆ
in
n )
† sinh ζn. (12)
It is seen that the evolution is completely decoupled between modes characterized by different
indices n. Eq. (12) is analogous to that of single-mode squeezing, and it generalizes the
perturbative result derived in Eq. (6) to the regime of multiple pair generation. Let us
note that in general the shape of the input modes can be different from the shape of the
corresponding output mode. As shown in Ref. [8], with a non-chirped pump pulse, the
input and output squeezing eigenmodes obey a relation ψn(ω) = φ
∗
n(ω), i.e. are the exact
time reverse of each other.
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III. HOMODYNE DETECTION
Let us first discuss consequences of the multimode character of squeezing for homodyne
detection with the local oscillator field described by a certain mode function ψLO(ω). In
order to expose the essence of the argument, we will assume the integration kernels in the
following Gaussian form:
C(ω, ω′) = δ(ω − ω′),
S(ω, ω′) =
√
2N
piδ∆
exp
(
(ω + ω′ − ωp)2
2δ2
− (ω − ω
′)2
2∆2
)
. (13)
These expressions can be justified on the grounds of the first-order perturbation theory [8],
and for simplicity we have assumed that the phase factors resulting from linear dispersive
propagation have been compensated. The formula for S(ω, ω′) involves ωp as the central
frequency of the pump pulse, δ and ∆ describing the frequency correlations within the photon
pair as well as the biphoton bandwidth, and N ≪ 1 equal to the average total number
of generated photons. In a typical arrangement δ ≪ ∆ and δ, given by the bandwidth
of the pump pulse, defines the frequency anticorrelations within a biphoton, while ∆ is
determined by the crystal dispersion across the down-converted spectrum and specifies the
overall bandwidth of the parametric fluorescence.
The Gaussian form allows us to find analytically [9] the singular values as
ζn ≈ sinh ζn =
√
N
cosh r
tanhn r (14)
where r = ln
√
∆/δ, while the corresponding characteristic functions are given by:
φn(ω) = ψn(ω) =
√
τs
2nn!
√
pi
Hn(τs(ω − ωp/2)) exp
[
−τ
2
s
2
(
ω − ωp
2
)2]
(15)
where Hn(x) denotes the nth Hermite polynomial. Thus in our model the characteristic
modes have the familiar shape of Hermite functions describing the eigenfunctions of a har-
monic oscillator, with their width given by the parameter τs:
τs =
√
2
δ∆
. (16)
Let us now assume that the local oscillator has a Gaussian spectral profile characterized by
a bandwidth δLO:
ψLO(ω) =
√
2
δLO
√
pi
exp
[
− 1
δ2LO
(
ω − ωp
2
)2]
. (17)
The local oscillator mode can be decomposed in the orthonormal basis of the characteristic
output modes as:
ψLO(ω) =
∞∑
n=0
Mnψn(ω). (18)
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With the choice of the spectral phase as in Eq. (17) the local oscillator pulse is matched
temporally with the squeezed light, and only even characteristic squeezing modes appear in
the decomposition owing to the defined parity of the modes. Furthermore, the expansion
coefficients in Eq. (18) can be evaluated analytically [10]:
M2m =
∫
dω ψLO(ω)ψ
∗
2m(ω) =
√
(2m)!
2mm!
tanhm r′√
cosh r′
(19)
where r′ = ln(δLO/
√
δ∆), and all M2m+1 = 0. As the modes ψn(ω) are mutually orthogonal,
the quadrature fluctuations detected in the local oscillator mode ψLO(ω) are given by a sum
of independent contributions from all the occupied characteristic modes. In each of these
modes, the mean square quadrature noise is phase dependent, with the maximum 〈Q2n+〉
and the minimum 〈Q2n−〉 given by
〈Q2n±〉 =
1
4
exp(±2ζn), (20)
where the vacuum state noise is normalized to 1/4. Because a pure squeezed state is a mini-
mum uncertainty state, the product of the minimum and maximum quadrature uncertainties
is equal to that of the vacuum. In the model Gaussian case only even characteristic modes
contribute, and furthermore the coefficients M2m are real and thus have identical phases.
Consequently we can set the phase of the local oscillator to a value which combines contri-
butions from exclusively either squeezed or antisqueezed quadratures. Thus the fluctuations
in the squeezed 〈Q2−〉 and the antisqueezed 〈Q2+〉 quadratures are given by:
〈Q2±〉 =
1
4
∞∑
m=0
M22me
±2ζ2m . (21)
We see that the squeezing is still present, but is not necessarily of a minimum-uncertainty
character. Uncertainty minimization occurs only if all the ζn, for which Mn do not vanish,
are equal. The latter requirement is fulfilled when the local oscillator mode is identical to
one of the characteristic modes. However, even if this is not the case, minimum uncertainty
is approximated remarkably well as long as the dominant terms in the series {M2m} pick up
characteristic modes with comparable squeezing parameters ζ2m.
In order to quantify the last statement, we make use of the fact that a deviation of a
squeezed ensemble from the minimum-uncertainty character can be ascribed to a non-unit
quantum efficiency
η =
−16〈Q2+〉〈Q2−〉+ 4〈Q2+〉+ 4〈Q2−〉 − 1
4〈Q2+〉+ 4〈Q2−〉 − 2
. (22)
of the communication channel along which it has been delivered. Interpreting Eq. (21) in
this fashion, we find the efficiency of the squeezed ensemble in the local oscillator mode.
This quantity is plotted in Fig. 1, where it is seen that high-efficiency squeezing is obtained
in a broad span of modes. The spectral width of squeezed modes is limited from below
by the master laser linewidth and from above by the phase matching range of the down-
conversion arrangement. By choosing a sufficiently short crystal, one can control the upper
limit, allowing generation of squeezed vacuum in arbitrarily short pulsed modes. Our results
permit an intuitive interpretation if down-conversion is considered in the time representation.
The two photons in a pair can be born at any moment within the duration of the pump
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FIG. 1: Quantum efficiency of detected squeezing as a function of the local oscillator linewidth
δLO for r = ln
√
∆/δ = 3. High quantum efficiency is observed for all δLOs between δ and ∆, with
η > 99 % for −2 < r′ < 2.
pulse, but necessarily at the same time. Therefore, all the infinitely short pulsed modes
within the pump pulse must contain an even number of photons and are squeezed, and so
are all the linear combinations of these modes — that is, all the modes that are shorter than
the pump pulse. The existence of the upper limit ∆ in the squeezing spectrum is explained
by the nonzero length of the down-conversion crystal. Due to nonlinear dispersion (which
limits the down-conversion spectrum), single-photon wavepackets propagating through the
crystal diverge in time by ∆−1. If the local oscillator pulse is chosen too short, it may happen
that one photon in a pair is registered within the local oscillator mode, but the other one
arrives either too soon or too late, leading to a reduction in detection efficiency.
Most existing experiments on pulsed squeezing obtain the local oscillator from the master
laser whose second harmonic serves as a pump for the down-conversion. Assuming that the
second harmonic bandwidth is limited by the spectrum of the pump pulse, this situation
corresponds to δLO = δ and consequently r
′ = −r. From Fig. 1 we find that such a choice
of the local oscillator linewidth lies on the border of the high-efficiency region and is not
optimal. Fig. 2 displays the quantum efficiency associated with such a measurement as a
function of r. For small r’s, this quantity approaches unity, but for highly eccentric biphoton
spectra it appears to tend to a constant value of 0.86.
IV. NUMERICAL RESULTS
In this section we will discuss the non-perturbative regime for a realistic example of the
parametric process in a nonlinear waveguide. For this purpose we will solve numerically one-
dimensional propagation, described by the set of differential equations for the annihilation
operators of monochromatic modes aˆ(ω; z) parameterized with the propagation distance z
in the medium:
∂aˆ(ω; z)
∂z
= ik(ω)aˆ(ω; z) +
1
LNLE0
∫
dω′ eikp(ω
′+ω)zEp(ω
′ + ω)aˆ†(ω′; z). (23)
The first term on the right-hand side represents the linear propagation of the field in the
medium, while the second one is responsible for the nonlinear interaction. In the above
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FIG. 2: Quantum efficiency of a pulsed squeezed state for the local oscillator pulse bandwidth
equal to that of the master laser, depicted as a function of the parameter r characterizing frequency
correlations.
expression, Ep(ω) is the spectral amplitude of the pump field, and k(ω) and kp(ω) are
respectively the wave vectors of the signal and the pump fields. We have rescaled the
spectral amplitude of the pump field by E0 =
∫
dω Ep(ω), which allows us to introduce a
single parameter LNL, expressed in the units of length, that characterizes the strength of
nonlinear interaction. In particular, LNL is inversely proportional to the amplitude of the
pump field. In the case of a monochromatic pump and no phase mismatch between the
pump and the signal fields, LNL is a distance over which the root mean square quadrature
noise scales by a factor of e.
We have performed calculations for a down-conversion process taking place in a beta-
barium borate (BBO) crystal and converting pump wavelengths centered at 400 nm to
degenerate signal and idler wavelengths around 800 nm. The pump pulse was assumed to
have a Gaussian shape of duration τp, corresponding to the spectral amplitude:
Ep(ω) ∝ exp
(
−τ
2
p
2
(ω − ωp)2
)
(24)
with a flat spectral phase at half-way through the waveguide length. As the propagation
equation (23) is linear in the field operators, it can be solved numerically by replacing aˆ(ω; z)
and aˆ†(ω; z) by c-numbers and correspondingly their complex conjugates. The complete
Green functions are composed of solutions of the propagation equation for monochromatic
inputs. Details of the numerical procedure have been described in Ref. [8]. In Fig. 3 we
depict the absolute values of the Green functions |C(ω, ω′)| and |S(ω, ω′)| for several ratios
L/LNL, with the length of the crystal L = 1 mm, and the pump pulse duration τp = 26 fs. It
is seen that the analytical Gaussian form of the Green functions discussed in the preceding
section should be indeed capable of modelling qualitatively the numerical results.
Let us begin by inspecting the spectral intensity profiles for the characteristic modes
ψn(ω). The examples shown in Fig. 4 demonstrate that the dependence of the profiles
on the nonlinear interaction length is rather weak. Furthermore, it is easy to recognize
the similarity of the intensity profiles to those described by the Hermite functions given in
Eq. (15). Nevertheless small deviations from the Hermitian shapes, especially breaking the
defined parity of the characteristic modes, can have a dramatic impact on the amount of
squeezing detectable with a restricted class of local oscillator shapes. The reason for this
is that when detecting the squeezed quadrature, such local oscillator pulses would pick up
8
an admixture of antisqueezed quadratures from odd characteristic modes, which can mask
the effect of squeezing. It is also difficult to set all the phases in the characteristic-mode
decomposition to the same value which selects only squeezed quadratures. This issue has
been discussed in detail in Ref. [8].
The squeezing experienced by the nth characteristic mode is given by the squeezing
parameter ζn. We found numerically that up to L/LNL = 15 there exist a simple scaling
law: namely, that the squeezing parameter of any squeezed mode is inversely proportional
to nonlinear length
ζn =
Λn
LNL
. (25)
We have introduced here a proportionality constant Λn which we shall call the squeezing
length. In order to discuss its physical meaning, let us first recall that in the case of a
monochromatic pump and no phase mismatch between the pump and the signal fields, we
would expect the squeezing parameter to be equal to the ratio of the interaction length to
the nonlinear length ζ = L/LNL. However in the general multimode case studied here there
is an appreciable phase mismatch and the pump field is a polychromatic ultrashort pulse.
Consequently the squeezing parameters cannot be simply estimated as L/LNL. Nevertheless,
Eq. (25) suggests that one can introduce a notion of the effective crystal length Λn for every
characteristic mode, a quantity that depends on the mode number as well as on the pump and
the phase matching properties of the medium. We propose the following way of intuitively
understanding Λn: for a given input mode shape φn(ω) its interaction with the pump pulse
remains phase matched, thus interacting efficiently, only over a finite length of the crystal,
approximately equal to Λn. This length is shorter for modes of broad spectral content as
their various frequency components dephase more quickly from each other and from the
pump pulse owing to crystal dispersion. These effects are clearly seen in Fig. 5, where we
plot Λn as a function of the mode number n. Indeed, Λns are smaller for modes with higher
n, whose bandwidth is broader. Let us point out here that the Gaussian approximation fails
to predict accurately the squeezing parameters at any LNL, as the plot of the analytical
values given by Eq. (14) would be a straight line in the semi-logarithmic scale of Fig. 5.
This is a consequence of the fact that even in the perturbative regime the biphoton spectral
amplitude is not Gaussian, but typically involves a much more slowly decaying sinc function.
Finally, let us note that first several modes have very similar squeezing lengths Λn and thus
squeezing parameters ζn. As discussed in the preceding section, this gives us freedom in the
shapes of the local oscillator pulse that are capable of detecting maximum squeezing.
V. CONCLUSIONS
The Bloch-Messiah reduction is an indispensable theoretical tool in understanding the in-
tricacies of optical parametric amplification in the broadband regime, when all the monochro-
matic modes are coupled to one another through nonlinear interaction with the ultrashort
pump pulse. The characteristic modes are a simple and elegant way to describe completely
the quantum statistical properties of parametric fluorescence. They also form a convenient
modal decomposition to analyse homodyne detection of squeezing.
Numerical simulations presented in this paper show that the perturbative approach begins
to fail when the ratio L/LNL approaches one. This threshold value corresponds to quadrature
squeezing exceeding the order of 1/e, which is equivalent to over 8 dB in noise reduction.
This suggests that the perturbative approximation should be quite sufficient for describing
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FIG. 3: Green functions |C(ω, ω′)| and |S(ω, ω′)| for the example of a 1 mm long waveguide in
a BBO crystal and the increasing ratio L/LNL = 0.1 (upper pair), L/LNL = 1 (centre pair),
and L/LNL = 10 (lower pair). The pump pulse duration is equal to τp = 26 fs and its central
wavelength is 400 nm. Contours are drawn at 0.2, 0.4, and 0.6 of the maximum value.
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FIG. 5: The squeezing lengths Λn = ζnLNL as a function of the mode number n for the validity
range of the inverse linear scaling law, 0 ≤ L/LNL ≤ 15.
squeezing experiments performed so far. As long as we stay within the perturbative regime,
the Gaussian model developed in Sec. II shows that there is a certain degree of flexibility
in selecting the bandwidth of the local oscillator, with the optimal range limited by the
parameters δ and ∆ characterizing frequency correlations within biphotons. However, when
we utilize the whole available bandwidth of the master laser for second-harmonic generation,
extracting the local oscillator from the same master beam puts us with δLO close to δ, which
is right on the edge of the optimal region. One possible remedy is to limit the bandwidth of
the pump pulse by generating second harmonic in a longer crystal, in the dispersion-limited
regime. This would lower the value of δ and place the master laser badwidth δLO used for
homodyning inside the favourable region.
Acknowledgements
We acknowledge helpful discussions with C. Radzewicz, M. G. Raymer, I. A. Walmsley,
and K.-P. Marzlin, as well as financial support from CFI, NSERC, CIAR, AIF, MNiI grant
11
number 2P03B 029 26, and the European Commission through Integrated Project QAP
(contract 015848).
[1] See special issues on squeezed states of light: J. Opt. Soc. Am. B 4, 1450-1741 (1987); J. Mod.
Opt. 34, 709-1020 (1987).
[2] Arvind, B. Duta. N. Mukunda, and R. Simon, Pramana-J. Phys. 45, 471 (1995).
[3] R. S. Bennink, R.W. Boyd, Phys. Rev. A 66, 053815 (2002).
[4] S. L. Braunstein, Phys. Rev. A 71, 055801 (2005).
[5] T. E. Keller and M. H. Rubin, Phys. Rev. A 56, 1534 (1997).
[6] W. P. Grice and I. A. Walmsley, Phys. Rev. A 56, 1627 (1997).
[7] C. K. Law, I. A. Walmsley, and J. H. Eberly, Phys. Rev. Lett. 84, 5304 (2000).
[8] W. Wasilewski, A. I. Lvovsky, K. Banaszek, and C. Radzewicz, quant-ph/0512215.
[9] This follows from the mathematically equivalent result for the decomposition of Gaussian
twin beams in the Fock basis. See K. Banaszek and K. Wo´dkiewicz, Acta Phys. Slov. 49, 491
(1999); A. B. U’Ren, K. Banaszek and I.A. Walmsley, Quant. Inf. Comput. 3, 480 (2003).
[10] The evaluation of the coefficients M2m is formally identical with the expansion of a squeezed
vacuum state in the Fock basis, when the expressions are written in the quadrature represen-
tation. See H. P. Yuen, Phys. Rev. A 13, 2226 (1976); M. S. Kim, F. A. M. de Oliveira, and P.
L. Knight, Phys. Rev. A 40, 2494 (1989). It should be stressed that this analogy is of purely
mathematical nature, although both cases involve squeezed states.
12
